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fied as AP" in the last equality. By comparing Eqs. (Al) with
the exact expression (13), we find that

\AP"AUn\ =0(At2) (A2)

Now, we rearrange the right side of Eq. (14) as

AK}1 - (AFf)ex - AP"AU" + (APn - AP" ~ l)U" (A3)

In view of Eq. (A2) together with |AP" - AP"~ l \ = 0(At2),
we infer that e - 0(A/2).
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I. Introduction

THE formation of shocks within axisymmetric supersonic
nozzles has received considerable attention in the past,

both experimentally and computationally. The presence of
undesirable oblique shocks can significantly alter the down-
stream flowfield, reduce the thrust efficiency, and affect both
the external acoustic signature and base pressure. The ex-
perimental study by Back and Cuffel1 described formation of
an oblique shock just downstream of the throat for a tested
nozzle geometry and documented centerline Mach number dis-
tribution based on pitot stagnation pressures. Measured radial
pitot stagnation pressure distributions at the nozzle exit and
two locations downstream were obtained for a second nozzle
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exiting into vacuum ambient conditions with a significantly
different nozzle contour.2 Typical past predictions of internal
and external nozzle flow include approximate methods,3 the
method of characteristics,4 and finite difference schemes.5

Recently, unstructured adaptive grids in conjunction with
conservative nonlinear shock-capturing schemes have been
used to yield fine-grid resolution near high flow gradients. The
ability of these codes to capture and predict sharp shocks and
contact discontinuities has been demonstrated and vali-
dated.6'7 The newly developed axisymmetric finite element
method-flux corrected transport (FEM-FCT) scheme8'9 is used
here to investigate the flow and types of shock formation for
various nozzle configurations.

II. Numerical Method
The Euler equations for axisymmetric compressible flow of

an ideal gas can be discretized to form a conservative scheme.7
The two-step second-order Taylor-Galerkin algorithm has
been used for the computation of inviscid and viscous flows
for the Cartesian7'8 and axisymmetric6 coordinate systems. In
the first predictor step, the conserved quantitites are assumed
piecewise constant, and for the second corrector step, they are
assumed piecewise linear. Spatial discretization is performed
via the Galerkin weighted residual method, with interpolation
conducted separately on the conserved quantities and the
radial distance. This leads to a higher accuracy in the r direc-
tion9 and allows a closed-form derivation of the weighted re-
sidual statements.

Two types of artificial viscosity are added to the high-order
scheme just mentioned (which is essentially fourth-order phase
accurate). The first is mass diffusion, which is added to yield a
monotonic low-order scheme. The low-order term contribu-
tion is combined with the high-order term contribution near
admissible discontinuities through the FEM-FCT7 formula-
tion to prevent the formation of overshoots or undershoots in
the conserved quantities. To maintain strict conservation, this
limiting is carried out on the element level.7 The FCT scheme
has been shown to be highly robust and accurate for several
fluid dynamics problems using both finite difference (see Ref.
10) and finite element schemes.6~8>11 In addition, the modified
Lapidus artificial viscosity, which proved successful for Carte-
sian coordinate systems, is extended to the axisymmetric
case.6 A Lapidus coefficient of 2 was used, which maintained
flux conservation but did extend contact discontinuities for
over typically four cells.

Adaptive remeshing was employed to optimize the distribu-
tion of grid points by refining areas of high density gradients
and coarsening areas of low density gradients. The remeshing
allowed a balanced (and efficient) distribution of truncation
errors by controlling the relative size of local computational
cells. Such remeshing may reduce storage and CPU require-
ments by 10-100 times in advection-dominated flows as com-
pared to an overall fine grid.8 The remeshing was accom-
plished automatically with the advancing front grid generator
and typically requires three to four grid adaptations for a
steady-state flow solution.

The subsonic inflow boundary conditions employed three
characteristic conditions to update boundary values. Along
the nozzle wall, tangent flow was imposed such that all fluxes
normal to the wall were eliminated. Finally, outflow boundary
conditions were set to be free (i.e., no correction on predicted
values) for supersonic outflow, which assumes a sufficiently
low enough backpressure (which is consistent with the ex-
perimental operating conditions). Further boundary condition
discussion may be found in Lohner et al.6 All computations
were performed on a Cray X-MP 2/4 using local time stepping
and typically took less than half an hour of Cray CPU time to
converge.

III. Results and Discussion
Various internal and external axisymmetric nozzle flow-

fields were predicted using the FEM-FCT scheme. Figure la
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shows Mach number contours for the nozzle used by Back and
Cuff el.1 The subsonic inlet flow accelerates from left to right
and reaches sonic speeds near the throat and continues to acce-
lerate along the centerline until it reaches a maximum Mach
number of 3.6. Compression waves are initiated along the wall
surface just downstream from the throat and propagate
toward the axis of symmetry. These waves coalesce to form an
oblique shock that is further strengthened as it approaches the
axis, due to the axisymmetric reduction in cross-sectional flow
area. This oblique shock formation has been previously
documented experimentally1 and computationally.4'5 The
cause stems from the flow expanding rapidly just downstream
of the throat due to the throat's small wall radius of curvature.
As the flow enters the conical section, the high angular
momentum must be reduced to meet the tangential wall
boundary conditions. This is accomplished by a compression
wave, which occurs near the discontinuous change in wall cur-
vature.

Figure Ib shows the finite element computational mesh for
the nozzle flow. The adaptive mesh has refined regions of high
density gradients, such as the shock wave, whereas the regions
in which relatively weak density changes occur were resolved
only to the preset maximum element size. Figure Ic shows a
comparison of the predicted and measured Mach number dis-
tribution along the nozzle centerline. The experimental data
clearly show the presence of an oblique shock at a relative ax-
ial location x, at a distance of seven times the throat radius rt
(x/r( — 7), downstream of the inlet. Previous predictions
along with the present analysis show reasonably good agree-
ment upstream of the shock. However, the present analysis
yields improved agreement of both the shock strength and
subsequent downstream flow.

Figures 2 show flowfield predictions for the second nozzle
investigated. Mach number and low-level pressure contours
are shown in Figs 2a and 2b. These indicate the formation of
two sets of compression waves near the wall, which eventually
coalesce to form two oblique shocks. This particular nozzle
contour (fitted with a spline) employed a conical (constant
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Fig. 2 Predictions of a second nozzle flow.

slope) section between a circular-arc throat and a parabolic-
arc aft section. The two slope changes resulted in the forma-
tion of compression waves; the two resulting shocks reduced
the thrust efficiency by 1% as compared to an ideal shockless
nozzle. In addition, the parabolic-arc section produced an al-
most continuous set of compression waves originating from
the nozzle wall. Because of effects of axisymmetry, these com-
pression waves became curved and resulted in a strong radial
pressure gradient at the exit plane, with the highest gradient
near the wall. This stands in marked contrast to the typical exit
flow gradients noted for the first nozzle (Fig. la). Figure 2c
shows a comparison of experimental2 and predicted radial dis-
tributions at the exit plane of pitot pressure normalized by the
inlet stagnation pressure. At the exit plane, the radial nonuni-
formity of Mach number is noted both experimentally and
computationally.

IV. Conclusions
Numerical simulations of axisymmetric supersonic nozzle

flow have been accomplished using an axisymmmetric version
of the finite element method/flux corrected transport algo-
rithm. The adaptive unstructured gridding and the conser-
vative nonlinear FCT scheme predicted shock formation that
agreed with experimental data. Shocks for two given nozzle
configurations were observed to form just downstream from
the throat due to overexpansion. Axisymmetric effects
resulted in increased strength of shocks as they approached the
centerline, as well as curvature of compression and expansion
waves. The present scheme provided predictions that com-
pared well with experimental results for both radial and axial
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flow distributions. This was due to both the high level of cell
resolution allowed by the unstructured adaptive mesh and the
robust performance of the shock capturing flux limiter.
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Nomenclature
PO = stagnation pressure
Pt = local pitot pressure
Ps = static pressure
PI — surface pressure at a given xy location
Pref = undisturbed reference surface pressure acquired at

x = - 6.469 cm
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Re =unit Reynolds number/meter
T0 = stagnation temperature
Tt = local total temperature
Ts = static temperature
U = local mean velocity
C/inf = freestream velocity
xt y, z = streamwise, lateral (along the plate's width), and

perpendicular to plate distance
<5 = boundary-layer thickness
dT = thermal boundary-layer thickness (where Tt is 1%

of the freestream)

Introduction

ARECENT review of aerothermodynamic problems sur-
rounding hypersonic flight and its associated research by

Holden1 demonstrates our present lack of predictive capabil-
ity. Holden states that the intense research programs of the
1960s and early 1970s were superseded by hypersonic flow in-
vestigations that were limited to supporting specific missions
such as the Space Shuttle, the Jovian entry vehicle, and ballis-
tic re-entry vehicles. The results of this review vividly point out
the scarcity of previous research encompassing turbulent
boundary-layer separation and hypersonic flows.

Many earlier studies2'7 on turbulent boundary-layer separa-
tion were preformed on smooth surfaces in supersonic-
hypersonic flow regimes. These studies investigated incipient
separation using compression corners to simulate flow over
aerodynamic flaps or ailerons. Because high-speed flight vehi-
cles employ various external control devices that can produce
large areas of flow separation, a program was initiated to ex-
amine such effects.

Model and Experimental Facility
A smooth flat-plate/22 deg wedge configuration extending

approximately 45.7 cm in streamwise length and 35.6 cm in
lateral extent was machined to a no. 32 surface finish. A sharp
10-deg asymmetric leading edge was also machined into the
model. Approximately 39.4 cm downstream from this leading
edge was the intersection point of the instrumental wedge.

The model was then mounted downstream of a 30.5-cm
open jet, high-Reynolds-number, Mach 6 blowdown wind tun-
nel. By adjusting the total pressure and stagnation tempera-
ture, unit Reynolds numbers ranging from approximately 33
to 98 x 106/m were obtained.

Model instrumentation consists of 46 surface pressure
points and seven type-K (chromel/alumel) thermocouples.
These ports were spaced streamwise in the x direction along
the plate at its center (y = 0) and ±9.5 mm off the center
through the interaction region.

Boundary-Layer Characteristics
Distribution of both the total pressure and total tempera-

ture in the boundary layer were obtained using a pitot pressure
probe and a Winkler-type temperature probe. To allow for
high-resolution, near-wall total pressure measurements, the
tip of the pressure probe was flattened resulting in an overall
height of 0.51 mm. For the same reasoning, a miniature
Winkler probe was fabricated measuring 1.52 mm in diameter.
The recovery factor for this probe was determined to be 0.984
and the uncertainty in the temperature measurement is 2.2 K.

Traverses were performed at two streamwise locations, x =
-16.47 and -5.52 cm upstream from the plate/wedge in-
tersection point. A third traverse, perpendicular to the ramp
surface at a distance along the surface equal to +3.97 cm
downstream from the intersection point, was also performed.
In addition, surface static pressure and wall temperatures were
also recorded. From these measurements, the Mach number,
velocity, and static temperature through the boundary layer
were obtained.8 Using numerical integration, the momentum
thickness 6 was computed for each unit Reynolds number and
was found to be in good agreement when compared to the em-


